ON THE TOPOLOGY DEFINED BY THURSTON'S ASYMMETRIC METRIC
ATHANASE PAPADOPOULOS AND GUILLAUME THÉRET Abstract. In this paper, we establish some properties of Thurston's asymmetric metric L on the Teichmüller space T g,n of a surface of genus g with n punctures and with negative Euler characteristic.
We study convergence of sequences of elements in T g,n in the sense of L, as well as sequences that tend to infinity in T g,n . We show that the topology that the asymmetric metric L induces on Teichmüller space is the same as the usual topology. Furthermore, we show that L satisfies the axioms of a (not necessarily symmetric) metric in the sense of Busemann and conclude that L is complete in the sense of Busemann.
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Consider a set X equipped with a function δ : X × X → [0, ∞) satisfying the following three axioms:
A1: δ(x, x) = 0 for every x in X; A2: δ(x, y) > 0 for every x and y in X with y = x; A3: δ(x, z) ≤ δ(x, y) + δ(y, z) for every x, y and z in X.
Of course, such a function δ is a metric in the usual sense if it is symmetric, that is, if it satisfies the following additional axiom:
A4: δ(x, y) = δ(y, x) for every x, y in X.
We shall call an asymmetric metric a function δ : X × X → [0, ∞) that satisfies A1, A2 and A3 and that does not satisfy A4, that is, such that there exist x and y in X such that δ(x, y) = δ(y, x). We note that in the theory of Finsler spaces, such a function is usually called an irreversible metric.
It is easy to make general definitions, but a definition is useful only if one can find interesting examples of objects that satisfy its axioms and that do not satisfy the axioms of the more restrictive definition. A beautiful example of an asymmetric metric is Thurston's asymmetric metric on Teichmüller space, introduced in [8] . In this paper, we shall study the topology on Teichmüller space induced by this asymmetric metric.
We shall recall below the definition of that metric, and before that we fix a few notations.
Let g and n be two nonnegative integers and let S = S g,n be a connected oriented surface of negative Euler characteristic, obtained from a closed surface of genus g by removing n points which we shall call the punctures. A hyperbolic metric on S is a Riemannian metric of constant curvature -1. The Teichmüller space of S is the space of equivalence classes of complete finite area hyperbolic metrics on S, where two metrics are considered equivalent if they are isotopic, that is, if one of these metrics is the image of the other one by a map which is isotopic to the identity. The Teichmüller space of S is denoted by T(S) = T g,n . This space carries a natural topology that makes it homeomorphic to R 6g−6+2n . In what follows, we shall refer to this topology as the usual topology of Teichmüller space. We briefly recall one way of defining it, by explicitly describing a homemorphism T → R 6g−6+2n . We start by taking a set of closed geodesics decomposing S into hyperbolic pairs of pants. Here, a hyperbolic pair of pants is a sphere with three open disks of dimension zero or two removed, such that each boundary component is either a closed geodesic or a cusp, the cusps being at the punctures of S. The decomposition provides a set of parameters for the space T(S), where two parameters are associated to each geodesic, one parameter (in (0, ∞)) being the length of that geodesic, and the other parameter (in R) being a twist parameter. A twist parameter is defined up to the choice of an origin corresponding to the zero-twist. This collection of parameters gives a homeomorphism between T(S) and R 3g−3+n × (0, ∞) 3g−3+n . For a detailed description of this homeomorphism in the case n = 0, we refer the reader to [9] p. 271. One can also refer to [1] , [3] and [4] . These length-twist parameters associated to pair of pants decompositions are usually called Fenchel-Nielsen parameters.
We now recall the definition of Thurston's asymmetric metric. For any two hyperbolic metrics g and h on S and for any diffeomorphism ϕ : S → S which is isotopic to the identity, we consider the Lipschitz constant Lip(ϕ) of ϕ, defined by
The infimum of the Lipschitz constants associated to all diffeomorphisms ϕ that are isotopic to the identity is denoted by
Making g and h vary in their respective homotopy classes, we obtain a function (which we denote by the same letter)
which is Thurston's asymmetric metric.
It is easy to see that the function L satisfies the triangle inequality, but it requires some work to see that L(g, h) > 0 for any g = h (see [8] , Theorem 3.1).
There is another geometrically defined measure of a distance between two metrics g and h, which was introduced by Thurston, which we shall denote by K(g, h). We now recall its definition.
A closed curve in S is called essential if it is not homotopic to a point or to a puncture of S. We let S be the set of isotopy classes of simple essential closed curves in S.
For any homotopy class α of essential simple closed curves on S, we consider the quantity
where l h (α) denotes the length of the closed geodesic in the homotopy class α with respect to the hyperbolic metric h, and we set
Here also, the function K which is defined on the set of pairs of hyperbolic structures gives a well-defined function (which we denote by the same letter K) defined on pairs of elements of Teichmüller space.
We let ML 0 (S) be the space of compactly supported measured geodesic laminations on S, equipped with its usual topology, and we let PML 0 (S) be the corresponding projective space, that is, the quotient of ML 0 (S) by the natural action of the positive reals. We refer the reader to [7] for the definitions and the basic notions concerning these spaces. We shall also use notions like lengths and intersection functions between measured foliations, closed geodesics and compactly supported geodesic laminations, which are now classical notions, and we refer the reader to references such as [7] , [8] , [6] and [3] , for the details.
Using the extension of the length of a closed curve to the length of a measured geodesic lamination, we have the following expression of K(g, h)
The last expression for K is often more useful than Expression 2 because, by compactness of the space PML 0 (S), the supremum in 3 is attained.
It is easy to see that K ≤ L. In his paper [8] , Thurston proved that K = L. He also showed that the function L is not symmetric in general, by considering the structures g and h shown in Figure 1 . Figure  2 gives an example of distinct hyperbolic metrics g and h satisfying K(g, h) = K(h, g).
We also need to recall the following notions from Thurston's paper [8] .
For any simple closed geodesic γ in S endowed with a hyperbolic metric, we can construct (in a non-canonical way) a geodesic lamination µ which satisfies the following three properties:
(1) the lamination µ has no other transverse measure of compact support than the Dirac transverse measure supported on γ; (2) each leaf of µ \ γ is bi-infinite and each of its ends either spirals around γ or converges to a cusp of S; (3) the lamination µ is complete. The last condition means that each connected component of the complement of µ in S is isometric to the interior of a hyperbolic ideal triangle. (We recall that a hyperbolic ideal triangle is the convex hull of three distinct points in the boundary at infinity of hyperbolic plane
The lamination µ is called a completion of γ and the closed geodesic γ is called the stump of µ. An example of a completion of a simple closed geodesic γ is given in Figure 3 .
Finally, we recall the construction of the horocyclic measured foliation that is associated to a complete geodesic lamination. We start with a construction in a hyperbolic ideal triangle. Any such triangle is equipped with a canonical partial measured foliation which is called its horocyclic foliation. The term partial means here that the support of PSfrag replacements the foliation is a subset of the ideal triangle. The horocyclic foliation is characterized by the following three properties:
(1) the leaves are pieces of horocycles that are perpendicular to the edges; (2) the non-foliated region is a triangle bordered by three of these pieces of horocycles (see Figure 4 ); (3) the transverse measure assigned to any arc which is contained in an edge coincides with the Lebesgue measure induced from the hyperbolic metric.
Now if µ is any complete geodesic lamination on the hyperbolic surface S, then, the metric completion of each connected component of S \ µ being an ideal triangle, we can equip it with its canonical horocyclic measured foliation. The collection of the horocyclic measured foliations associated to these various ideal triangles fit together compatibly and define a partial measured foliation of S, which we call the horocyclic measured foliation associated to µ. Collapsing each nonfoliated triangular region onto a tripod, we obtain a genuine (i.e. not partial) measured foliation on the surface, which is well-defined up to isotopy and which we denote by F µ (S).
The fact that the hyperbolic structures that we consider on S are complete and of finite area is equivalent to the fact that the horocyclic foliation F µ (S) associated to µ is trivial around the punctures, that is, each puncture of S has a neighborhood homeomorphic to an annulus on which the foliation induced by that are parallel to the puncture. Using the canonical map between measured foliations on S that are trivial around the punctures and (possibly empty) compactly supported measured geodesic laminations on S, we obtain a well-defined compactly supported measured geodesic lamination associated to the measured foliation F µ (S). We shall call it the horocyclic measured geodesic lamination associated to µ, and we shall denote it by λ µ (S) .
In what follows, we establish some properties of Thurston's asymmetric metric L with respect to sequences in T(S) that tend to infinity, and we discuss the topology that this asymmetric metric induces on that space. Here, as usual, we say that a sequence (g n ) in T(S) tends to infinity (and we write g n → ∞) if for any compact subset K of T(S), we have g n ∈ T(S) \ K for all n large enough.
We shall use the following lemma (see [3] p. 147).
Lemma 1. For every sequence (g n ) of elements in T(S) that tends to infinity, we can find a finite set {γ 1 , . . . , γ k } ⊂ S such that k j=1 i(g n , γ j ) → ∞ as n → ∞ (or, equivalently, lim sup k j=1 i(g n , γ j ) = ∞). We prove the following Theorem 1. For any sequence (g n ) in T(S), the following three properties are equivalent:
(1) g n → ∞;
(2) for all h ∈ T(S), L(h, g n ) → ∞;
(3) for all h ∈ T(S), L(g n , h) → ∞.
Proof. Let us first note that from the triangle inequality (which is satisfied by the asymmetric metric), we can replace in Properties 2 and 3 the statement "for all h ∈ T(S)" by "there exists h ∈ T(S)".
We start by proving 1⇒2. If g n → ∞, then, by Lemma 1, for each n ≥ 0, we can find an element γ n which we can choose among a finite set of elements in S such that l gn (γ n ) → ∞ as n → ∞. Since the homotopy classes γ n are chosen among finitely many elements, for any fixed h in T(S), the value l h (γ n ) is bounded from above. Therefore, we have
Now let us prove 2⇒1. Equivalently, we prove that if there exists h ∈ T(S) satisfying L(h, g n ) → ∞, then g n → ∞. We reason by contradiction. Assume that g n ∞. This means that there exists a subsequence of (g n ), which we also denote by (g n ), and a compact subset K of T(S) such that g n ∈ K for all large enough n. By compactness of K and, again, up to taking a subsequence of (g n ), we can assume that this sequence converges to some point g in K. By compactness of PL 0 (S), for every n ≥ 0, we can find an element η n ∈ ML 0 (S) satisfying sup
Again by compactness of PL 0 (S) and up to taking a subsequence of (g n ), we can assume that the sequence of projective classes of η n converges to the projective class of some element γ ∈ ML 0 (S). This implies
which is a contradiction. The proof of 3⇒1 is analogous to the proof of 2⇒1. So far, we have proved 1⇐⇒2⇐= 3. In order to prove 1=⇒ 3, we need the following Lemma 2. If (g n ) is a sequence in T(S) tending to infinity, then there exists a sequence (λ n ) n≥0 ∈ ML 0 (S) such that (1) the sequence l gn (λ n ) is bounded from above;
(2) for all h ∈ T(S), l h (λ n ) → ∞ as n → ∞.
Proof. Let (g n ) n≥0 be a sequence in T(S) that tends to infinity. By Lemma 1, there exists a finite set Γ of homotopy classes of simple closed curves such that for each n ≥ 0, there exists γ n ∈ Γ such that l gn (γ n ) → ∞.
For each n ≥ 0, we complete γ n into a complete geodesic lamination µ n of stump γ n and we let λ n = λ µn (g n ).
We know that l gn (λ n ) is bounded. Indeed, by Lemma 3.9 and Proposition 3.3 of [5] , this quantity is bounded by −6χ(S), where χ(S) is the Euler characteristic of S. (The proof is given there for closed surfaces, but the arguments work more generally for surfaces of finite type.)
Let h ∈ T(S). We show that there exists (h) > 0 such that l h (λ n ) ≥ (h)l gn (γ n ).
Let us fix an integer n ≥ 0. We can cover the surface S with a finite union of rectangles R 1 , . . . , R N (n) of disjoint interiors, such that λ n induces on each rectangle a lamination by geodesic segments whose endpoints are on the vertical sides of that rectangle and such that γ n crosses each such rectangle from one horizontal side to the other horizontal side (see Figure 5 ).
We can assume that the number N (n) of rectangles is bounded from above, by a constant that only depends on the topology of S. (We can use a train track to build the rectangular cover, and in that case the number N (n) is bounded by the maximal number of edges of a train track on S.)
For each j ∈ {1, . . . , N (n)}, let k j n = {γ n ∩ R j } and let w j n be the "width" of the rectangle R j , that is, the total measure of any of its vertical sides with respect to the transverse measure dλ n of λ n .
We have:
..,N (n) denotes the set of vertical edges of the rectangles glued together and where l h (x) denotes the h-length of the segment contained in the leaf of λ n which crosses ∂R j at the point x;
(2) l gn (γ n ) = N (n) j=1 k j n w j n .
Statement 1 above is clear from the definitions. We now prove 2. For this, it is useful, for each n ≥ 0, to replace the measured lamination λ n by a measured foliation F n having the same properties with respect to the rectangles R 1 , . . . , R N (n) , that is, inducing on each such rectangle a foliation by segments that join its vertical sides, such that the total F n -mass of the vertical side of each rectangle is equal to its total λ nmass. The closed geodesic γ n is in minimal position with respect to F n , that is, there is no closed disk in S whose boundary is the union of a segment in a leaf of F n and a segment in γ n . This follows from the fact that γ n , being a geodesic, was already in minimal position with respect to λ n . Thus, i(F n , γ n ) is equal to the total F n -mass of γ n . Therefore, we have
Now since γ n is the stump of µ n , the last quantity is equal to l gn (γ n ). (This is Lemma 3.12 of [5] adapted to the case where the lamination PSfrag replacements γ Figure 5 . µ n does not necessarily have a transverse measure of full support, with γ n being its stump.) This completes the proof of 2. The hyperbolic structure h being fixed, any geodesic segment in λ n that starts and ends at points on γ n has its length bounded below by a positive number (h) > 0 that is independent of n. This follows from the compactness of γ n and the fact that γ n is chosen among a finite set of homotopy classes of simple closed curves. Hence,
k j n w j n = (h)l gn (γ n ).
Therefore, lim n→∞ l h (λ n ) = ∞.
Now we can complete the proof of Theorem 1. If g n → ∞, then we have
as n → ∞. (Here, C denotes a constant bounding l gn (λ n ) from above.)
Theorem 2. For any sequence (g n ) in T(S) and for any element g in T(S), the following three properties are equivalent:
(1) g n → g;
(2) L(g, g n ) → 0;
(3) L(g n , g) → 0.
Proof. We start with the implication 1=⇒ 2. If g n → g, then for all α ∈ S, r g,gn (α) = lg n (α) lg(α) → 1. This implies that L(g, g n ) → 0. Indeed, let us fix ε > 0. There exists α ∈ S such that L(g, g n ) − log r g,gn (α) ≤ ε. Now there exists N (α) such that, for all n ≥ N (α), | log r g,gn (α)| ≤ ε. Therefore, for all ε > 0, there exists N such that, for all n ≥ N , L(g, g n ) ≤ 2ε. This proves the claim.
The proof of 1=⇒ 3 is dealt with exactly as for 1=⇒ 2. So far, we proved the following implications L(g, g n ) → 0 ⇐= g n → g =⇒ L(g n , g) → 0.
Before completing the proof of Theorem 2, we prove a result on the compactness of closed balls for Thurston's asymmetric metric. Let g be a point in T(S) and let R be a positive real. Since L is asymmetric, there are two different notions of closed balls, called the left closed ball centered at g ∈ T(S) of radius R and the right closed ball centered at g ∈ T(S) of radius R, which we denote respectively by g B(R) and B g (R). They are defined by (4) g B(R) = {h ∈ T(S) | L(g, h) ≤ R} and
We show that these balls are compact, for the usual topology on Teichmüller space. Proof. The proof is based on Theorem 1, and arguments concerning g B(R) and B g (R) are identical. We therefore only prove the compactness of g B(R).
First note that g B(R) is closed for the usual topology. Indeed, let (g n ) be a sequence in g B(R) converging to h ∈ T(S) for the usual topology. Then L(g, h) ≤ L(g, g n ) + L(g n , h) ≤ R + L(g n , h). The implication g n → h =⇒ L(g n , h) → 0 gives L(g, h) ≤ R, that is, h ∈ g B(R). Therefore, g B(R) is closed for the usual topology.
Let (g n ) be a sequence of g B(R). By Theorem 1, g n ∞. Therefore, there exists an infinite subsequence of (g n ), which is contained in a compact subset K of T(S) for the usual topology. We also call (g n ) this subsequence. Up to taking another subsequence, we may assume that g n → h. Since g n ∈ g B(R) and since g B(R) is closed, h ∈ g B(R), which proves that g B(R) is a compact subset of T(S).
We now complete the proof of Theorem 2. We must prove that L(g, g n ) → 0 =⇒ g n → g. If L(g, g n ) → 0, then there exists R > 0 such that, for all n ∈ N, g n ∈ g B(R). Since g B(R) is compact, the sequence (g n ) has at least one cluster point h ∈ g B(R) (for the usual topology). Let (g n ) also denote a subsequence converging to h. We have L(g, h) ≤ L(g, g n ) + L(g n , h). Passing to the limit as n goes to infinity, we obtain L(g, h) = 0. By Theorem 3.1 of [8] , g = h. This implies that g is the cluster point of (g n ). Therefore, g n → g.
The proof of L(g n , g) → 0 =⇒ g n → g can be done in a similar way. This completes the proof of Theorem 2. Thus, σL is a genuine metric on Teichmüller space, and the following is an immediate consequence of Theorem 2.
Corollary 4. For any sequence (g n ) in Teichmüller space and for any h in that space, we have L(g n , h) → 0 if and only if L(h, g n ) → 0 if and only if σL(h, g n ) → 0 if and only if g n converges to h in the usual topology of Teichmüller space.
Since we have an asymmetric metric on Teichmüller space, it is natural to consider two topologies on that space, the first one being the topology generated by the collection of right open balls, and the second one being the topology generated by the collection of left open balls in that space. Here, a left (respectively right) open ball is defined as in 4 (respectively 5) above, except that the weak inequality is replaced by a strict inequality. For any asymmetric metric δ : X × X :→ [0, ∞), we denote by δ * : X × X :→ [0, ∞) the asymmetric metric that is dual to δ, that is, the asymmetric metric defined by δ * (x, y) = δ(y, x) for every x and y in X. We consider the topology on Teichmüller space that is generated by the collection of right open balls as being the one that is associated to Thurston's asymmetric metric L. Then, the topology generated by the collection of left open balls is the one associated to the dual asymmetric L * . It is easy to see, from Axioms A1, A2 and A3 satisfied by a nonsymmetric metric, that the following (which is well-known for a genuine metric) holds: a sequence (g n ) of points in Teichmüller space converges to a point g in that space for the topology generated by the left (respectively right) open balls if and only if we have L(g, g n ) → 0 (respectively L(g n , g) → 0) as n → ∞. Therefore, we can state Corollary 4 in the following equivalent form Corollary 5. The topologies on Teichmüller space defined by Thurston's asymmetric metric and by its dual asymmetric metric concide with the usual topology of that space. Now from Proposition 3 and Corollaries 4 and 5, we obtain the following Proposition 6. Teichmüller space equipped with Thurston's asymmetric metric is proper. More precisely, left and right closed balls are compact for the topology defined by that asymmetric metric.
H. Busemann developed a theory of spaces (X, δ) satisfying axioms A1, A2 and A3 and the following axiom A4: δ(x, x n ) → 0 ⇐⇒ δ(x n , x) → 0 for any x and for any sequence (x n ) in X.
On such a space, there is a natural associated topology, which is the one associated to the genuine metric max{δ(x, y), δ(y, x)}. Theorem 2 guarantees that Thurston's asymmetric metric satisfies A4. We state this as follows: Corollary 7. Thurston's asymmetric metric satisfies Busemann's axioms.
Busemann introduced a notion of completeness for such spaces (see [2] Chapter 1). The definition is as follows. The space (X, δ) is complete if and only if for every sequence (x n ) in X satisfying δ(x n , x n+m ) → 0 as n and m → ∞, the sequence converges to a point in X.
In that setting, the following generalization of the classical theorem of Hopf and Rinow holds (see [2] Theorem 8 p. 4):
If a locally compact space (X, δ) satisfies Axioms A1, A2 A3 and A4 and if this generalized metric δ is "intrinsic", then the following two properties are equivalent:
(1) left closed balls in X are compact;
(2) X is complete. Here, the word intrinsic means that for any x and y in X, the value δ(x, y) is equal to the infimum of the lengths of all curves joining x and y in X. In this setting of generalized metrics, the length of a curve is defined in a way similar to the case of a genuine metric space. We do not need to enter into the details here, because by a result of Thurston (see [8] §6), Thurston' s asymmetric metric L is geodesic (that is, any two points can be joined by an L-geodesic), which implies that it is intrinsic (see [2] p. 3). We should also note that a geodesic is defined here as the isometric image of an interval, except that we have to be careful about the order of the variables. More precisely, a map γ : [a, b] → T(S), (where [a, b] is a closed interval of R) is a geodesic joining the two points γ(a) and γ(b) in T(S) if for all t and t in [a, b] we have |t − t | = L γ(t), γ(t ) .
Thus, we can state the following consequence of Proposition 6.
Corollary 8. Thurston's asymmetric metric is complete in the sense of Busemann.
